We stabilize nematic droplets with handles against surface-tension-driven instabilities using a yield-stress material as the outer fluid and study the complex nematic textures and defect structures that result from the competition between topological constraints and the elasticity of the nematic liquid crystal. We uncover a surprisingly persistent twisted configuration of the nematic director inside the droplets, which we explain by calculating the elusive saddle-splay contribution to the elastic free energy. For toroidal surfaces, this saddle-splay energy tends to screen the twisting energy resulting in a spontaneous symmetry-breaking transition from the untwisted to the twisted state that persists irrespective of aspect ratio. For droplets with additional handles, we observe in experiments and computer simulations two additional -1 surface defects per handle located in regions with local saddle geometry, where elastic distortions are minimized.
The structure of the liquid crystal in a common display is twisted. It is determined by the orientation of the molecules at the confining glass plates. By manipulating the twist between the plates using electric fields, an image is generated. More exotic structures can emerge when the liquid crystal is confined by curved rather than flat surfaces. The topology and geometry of the bounding surface can drive the system into structures that would not be achieved without the presence of external fields. In this sense, the shape of the surface plays a role akin to an external field. Thus under confinement by curved surfaces, the molecules can self-assemble into complex hierarchical structures with emergent macroscopic properties not observed for flat liquid crystal cells. However, the design principles and properties of structures generated by this geometric route are still largely unknown.
The lowest energy state of an ordered material, such as a liquid crystal or a simple crystal, is typically defect-free since any disruption of the order will raise the elastic energy. However, the situation can be very different if the material is encapsulated within a confining volume and there is strong alignment of the molecules at the bounding surfaces (1) . In this case, the preferred local order cannot be maintained throughout space. Such a material will be geometrically frustrated and its ground state will contain topological defects, which are spatial regions where the characteristic order of the material is lost. For nematic liquid crystals, the molecules tend to align along a common director, n. The presence of defects, which we characterize with their topological charge, s, giving the amount of n-rotation as we encircle the defect, raises the energy of the system. Thus the formation of defects is normally disfavored due to this increase in energy. However, when confined to a closed surface, the Poincaré-Hopf theorem establishes that the total topological charge on the bounding surface must be equal to its Euler characteristic, ! , a topological invariant given by
, where g is the genus of the surface or its number of handles (2) . This theorem implies that the ground state of the system will, in many cases, display topological defects. This is indeed the case when the closed surface is spherical (3) (4) (5) , since ! = 2 for the sphere. Surfaces that are obtained by twisting, bending, stretching or generally deforming the sphere, without breaking it, are topologically equivalent, since none of these transformations introduce handles and thus they all have 2 = ! . In contrast, a toroidal surface shaped like a doughnut is topologically different from the sphere; this has a handle and consequently ! = 0 . Similarly, a surface shaped like a pretzel has three handles and
Spherical nematics have been widely studied from experimental, theoretical and simulation points of view (6) (7) (8) (9) (10) (11) (12) (13) (14) and their intriguing technological potential for divalent nano-particle assembly has been already demonstrated (15) . In contrast, there are virtually no controlled experiments of ordered media in confined volumes with multiple handles. A notable exception is the optically induced formation of cholesteric toroidal droplets inside a nematic host (16) . This largely reflects the difficulties in generating stable handled objects with imposed order. While the sphere is relatively easy to achieve in liquids due to surface tension, the generation of stable droplets with handles remains a formidable challenge. In this report, we experimentally generate stable handled droplets of a nematic liquid crystal using a continuous host with a yield stress.
This approach allows us to perform the first experiments that probe nematic materials confined within droplets that are topologically different from the sphere. We observe that the toroidal nematic droplets formed are defect-free. However they exhibit an intriguing twisted structure irrespective of the aspect ratio of the torus. The stability of this configuration, which is in contrast with existent theoretical expectations (17) , results from the often-neglected saddle-splay contribution to the elastic energy. Upon switching from doughnut to pretzel shaped droplets, we observe both in experiments and simulations the presence of two defects, each with topological charge -1, per additional handle. These defects are nucleated in regions with local saddle geometry to minimize the nematic distortions and hence the corresponding elastic energy.
To make nematic toroidal droplets, we inject a liquid crystal (4-n-pentyl-4'-cyanobiphenyl, 5CB) through a needle into a rotating bath containing a viscoelastic continuous phase consisting of (i) 1.5 wt% polyacrylamide microgels (carbopol ETD 2020), (ii) 3 wt% glycerin, (iii) 30 wt% ethanol, (iv) 1 wt% polyvinyl alcohol (PVA) and (v) 64.5 wt% ultrapure water. PVA imposes degenerate tangential (or planar) anchoring for the liquid crystal at the surface of the droplets.
The tangential anchoring is confirmed by making spherical droplets and checking their bipolar character. The continuous phase is neutralized to pH 7, where the sample transmission is more than 90% (18) . However, the most relevant property of this phase is its yield stress, ! y . During the torus formation, the stresses involved are larger than ! y and hence the continuous phase either through a droplet break-up mechanism reminiscent of the Rayleigh-Plateau break-up of a jet into smaller spherical droplets, or through the shrinkage of the droplet towards its center to force its own coalescence to form a single spherical droplet (19) . The relevant length scale that changes in the break-up is the tube radius, a, while for shrinking it is the inner radius, R, as defined in Fig. 1B . The minimum yield stress required to stabilize the toroidal droplet against either transformation is between cross-polarizers (11, 20) . Consistent with our observations, theoretical studies of DNA in toroidal geometries have also shown that the DNA condensate can be twisted as, in this case, some of the bending energy of the untwisted axial structure is released at the price of a small amount of twist energy (17) . However, there is a critical value of slenderness, ! c beyond which the trade off is unfavorable and the toroidal DNA condensate remains axial.
To explore this, we generate toroidal droplets with different ! and measure the intensity of the central part of the toroidal droplet, when viewed along their side between cross-polarizers, for an orientation of 0 o and 45 o with respect to the incident polarization direction. We then take the ratio of the two measurements, I 0 /I 45 , which should be zero for an axial configuration. For a fat toroidal droplet, we find that I 0 /I 45 > 1, indicative of a highly twisted structure. I 0 /I 45 monotonously decreases with increasing ! , as shown in Fig. 2A . This is an indication that the twist decreases as the slenderness increases. However, we do not see I 0 /I 45 ever approaching zero, even for the highest aspect ratios we explore. Thus we never observe the transition from the twisted to the axial configuration predicted for toroidal DNA condensates.
To explain this fact, we consider the full Frank free energy:
which, besides the well-known bulk terms representing splay, twist and bend deformations weighted with elastic constants K 1 , K 2 and K 3 , respectively, also contains the less familiar surface term representing saddle-splay deformations with elastic constant K 24 . We then employ an ansatz for the director field,
, where ! is the polar angle in the cross section of the toroid and r is the radial distance from the tubular axis, as shown in the inset of 
Note that the saddle-splay term acts as an external field that tends to align n along the ! direction at the surface of the torus. Similar to the Landau theory of magnetism (21), the switching of the sign of the quadratic term in Eq. 2 establishes the onset of a spontaneous symmetry-breaking transition from the axial to the doubly twisted configuration. Since the relevant quadratic term is zero when (22-26) and hence the axial to doubly twisted transition is either pushed to extremely slender tori or it is completely lost, consistent with our experimental observations. As we have seen, nematic toroids have no defects in their ground state, but this should not be the case if we add handles since the Euler characteristic and hence the total topological charge decreases by -2 with every additional handle. However, the Poincaré-Hopf theorem provides only a conservation law that prescribes the total topological charge. It tells us nothing about the individual defect charges, the number of defects or their locations. To understand defect formation in higher genus nematic droplets, we use computer simulations of a simple nematogenic lattice model (27) . For this model, the elastic constants are equivalent, K 1 =K 2 =K 3 , and no special consideration of the saddle-splay contributions to the elastic energy is taken.
Hence, we do not expect to observe any twist in the resulting structures. For the double torus, we find two types of defect configuration with comparable energy. Both of these have two defects on the surface of the double torus, each with topological charge -1. The defects are either located at the innermost regions of the inner ring of each torus, as shown in Fig. 3A , or in the outermost regions where the individual tori meet, as shown in Fig. 3B . In both cases, the defects are located in regions of local saddle geometry where the Gaussian curvature, K, defined as the product of the two principal curvatures, is negative. This finding is consistent with the theoretical expectation that negative defects are attracted to regions with negative curvature (28-29).
To investigate handled droplets experimentally, we exploit the viscoelastic character of the continuous phase and generate two nearby single tori which are merged together by the addition of liquid crystal in the region between them. The top view of a typical droplet is shown in Fig.   4A ; the corresponding cross-polarized image is shown in Fig. 4B . Interestingly, when this droplet is viewed along its side and between cross-polarizers, we observe that there is a defect in the very center of the droplet, as shown in Fig. 4C . We also observe the four-brush texture typical of |s|=1 defects. To determine the sign of this charge, we rotate the double torus and observe that the black brushes also rotate in the same direction (see supplementary video), indicating that the defect has a topological charge of -1 (30). This defect is in the back of the droplet when looked along its side, with an identical defect on its front. Hence there are two defects of charge -1 on the surface of the double torus, consistent with the constraints imposed by the Poincaré-Hopf theorem. Furthermore, they are located in regions with K<0, consistent with the findings of our computer simulations. We note, however, that the structure is twisted; we know this from realizing that the central region of each of the two tori forming our droplet, remain bright irrespective of its side view orientation with respect to the incident polarization direction. From this observation and from the position of the defects and their topological charge, we can draw an approximate director field on the surface of the droplet, as shown in Fig.   4A , suggesting that the defects are located in regions that minimize the overall bend distortions of n. We also note that the location of the defects obtained experimentally is consistent with just one of the two configurations obtained in the computer simulations. The other configuration has not been observed in our experiments, presumably because the way the double torus is made biases the director towards the structure in Fig. 3B .
We can also generate more complex droplets with, for example, three handles aligned along a common axis, as shown by the top view image in Fig. 4D , or arranged in a triangle, as shown in Fig. 4E . In the first case, there are four defects, each of topological charge -1, located in the regions where the individual tori meet, as shown when the droplet is viewed along its side between cross-polarizers in Fig. 4F . In addition, the director is twisted, as expected based on the results for the single and double tori. In contrast, when the handles are arranged in a triangle, there are two -1 defects that cluster together in one of the three regions where the single tori meet, as indicated in Fig. 4E . In this situation, in addition to the natural frustration imposed by the bounding surface, there is an additional frustration arising from the lack of a sufficient number of negative-curvature regions between the single tori to position the defects. There are only three natural regions for the defects to be located and four defects. From both our experiments and computer simulations, we find that the solution to this problem is to cluster two of the four defects together in one of the three natural regions for them to be located.
We have generated the first stable nematic droplets with handles using a material with a yield stress as continuous phase to stabilize these otherwise unstable droplets. Nematic toroids have no defects and exhibit a twisted configuration irrespective of aspect ratio; this results from important saddle-splay contributions to the elastic free energy. For droplets with additional handles, we observe that there are two -1 surface defects per handle located in regions of K < 0 where elastic distortions are minimized. The geometries studied so far are only a small selection of those possible using these methods. There is a large parameter space which we have only begun to explore in our experiments, simulations and theoretical calculations. We anticipate rich and fascinating behavior as a function of the geometry and of the handle arrangement in droplets with genus two and higher. In addition, other type of defects, including rings, could arise if the anchoring at the bounding surface is changed from tangential to homeotropic (31). determines whether there is a transition from the axial to the doubly twisted structure or whether the doubly twisted structure remains irrespective of ! . This is shown in the structural phase diagram of (C). Since for 5CB, 
